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abstract
This letter studies the Sp(2) covariant quantisation of gauge theories. The geometrical
interpretation of gauge theories in terms of quasi principal fibre bundles Q(MS, GS) is
reviewed. It is then described the Sp(2) algebra of ordinary Yang-Mills theory. A consistent
formulation of covariant lagrangian quantisation for general gauge theories based on Sp(2)
BRST symmetry is established. The original N = 1, ten dimensional superparticle is
considered as an example of infinitely reducible gauge algebras, and given explicitly its
Sp(2) BRST invariant action.
1. Gauge theories in terms of quasi-principal fibre bundles.
Gauge theories have a nice geometrical interpretation in terms of connections on a
principal fibre bundle (pfb) P (M,G), whereM is the base space-time manifold and G is the
gauge group [1,2, 3, 4]. However, quantisation of gauge theories requires the introduction
of fields (cnm, π
n
m). It would be then desirable to have a formalism where those extra
fields fit into some representation of a larger group and all the fields are components of
a superfield. This is a step in the direction of recovering a geometrical interpretation of
quantum gauge theories. The main ingredients in the construction of geometrical quasi-
principal fibre bundles (qpfb) are a space-time base manifold M , a gauge group G, an
extended superspace manifold MS which is obtained by adding two extra Grassmann
variables θa (a = 1, 2) to M , in the case of Sp(2) symmetry, and a supergroup GS . The
construction is performed basically in three steps [1,2, 3]. It starts with a pfb P (M,G) and
extend the gauge group G to a supergroup GS . The composition of G with a Grassmann
algebra B prolongs P (M,G) to a pfb P ′(M,GS). The most general supergroup GS can
be represented in matrix form. In particular, OSp(N/M) groups are represented by block
matrices of the form (
A E
C D
)
(1.1)
where A, D are (N ×N) and (M ×M) matrices whose elements are taken from the even
part of the Grassmann algebra B constructed over a complex vector space W , whilst E,
C are (N ×M) and (N ×M) rectangular matrices whose elements belong to the odd part
of B. Next, it is enlarged the base space manifold M to a superspace MS in P
′(M,GS)
by adding Grassmann variables. At this stage, a pfb P ′′(MS, GS) is obtained. Finally, the
pfb P ′′(MSGS) is transform into a quasi-principal fibre bundle Q(MS, GS). For instance,
given a one-form valued function α(x) = Aµdx
µ on M this induces a connection ω on the
pfb P (M,G). Then a one-form valued function α′ on MS is found by
α′(x, θa) = g−1Aµdx
µg + g−1dg (1.2)
where g = g(xµ, θa), (a = 1, 2, . . .) which induces a connection ω′ on the qpfb Q(MS, GS)
[1,2,3,4].
2. The Sp(2) BRST Algebra of Yang-Mills Theory.
It has been realized for some time [5,6,7,8] that a geometrical construction can be
useful for the discussion of BRST and anti-BRST symmetry. The idea is to use a superspace
with coordinates ZM = (xµ, θa), where (a = 1, 2) and θa is an anti-commuting scalar
coordinate and the BRST generators sa are realized as differential operators on superspace,
1
sa = ∂
∂θa
, so that sasb+sbsa = 0 holds automatically 1. For example, in Yang-Mills theory
the gauge potential Aiµ and the Faddeev-Popov ghost (c
a)i (where i is an adjoint group
index) can be combined into a super-gauge field AiM (Z) whose lowest order components
are AiM (Z)
∣∣
θa=0
= (Aiµ,A
i
θa)
∣∣
θa=0
= (Aiµ, c
ai). Then the standard Yang-Mills BRST
transformations arise from imposing the constraints F iµθa = 0, F
i
θaθb
= 0 on the superfield
strength F iMN [5,6]. This gives an elegant geometrical description of BRST and anti-BRST
symmetry.
Let us review the construction of gauge theories in the superspace with coordinates
ZM = (xµ, θa), which gives a geometric formulation of Sp(2) BRST symmetry. We consider
matter fields Φi(x, θa) and a gauge potential AiM (x, θ
a) =
(
Aiµ(x, θ
a),Aiθa(x, θ
a)
)
. These
can be used to define a covariant derivative
DMΦ
i = ∂MΦ
i − (T k)ijA
k
MΦ
j (2.1)
and the field strength
F iMN = ∂MA
i
N − (−1)
MN∂NA
i
M + f
i
jkA
j
MA
k
N (2.2)
where (−1)MN is 1 unless both M and N are indices referring to anti-commuting coor-
dinates, in which case it is −1. The gauge potential AM contains more component fields
than the physical gauge and ghost fields and so, as in supersymmetric theories, constraints
should be imposed on the field strength F . Appropriate constraints are [5,6]
Fθaθb = 0, Fµθa = 0. (2.3)
These can be written more explicitly as
∂µAθa − ∂θaAµ + [Aµ,Aθa ] = 0 (2.4)
∂θaAθa +
1
2
[Aθa ,Aθa ] = 0 (2.5)
ǫab
(
∂θaAθb + [Aθa ,Aθb ]
)
= 0. (2.6)
Defining the component expansions
Aµ(x, θ
a) = Aµ(x) + θ
aΛaµ(x) + θ
aθbΩabµ(x) (2.7)
Abθa(x, θ
a) = cb(x) + θaΥba(x) + θ
aθcωbac(x), (2.8)
1 It is usually defined a bosonic operator σ = 1
2
ǫabs
asb where ǫab is the symplectic invariant
form of Sp(2), so that ǫab = −ǫba, ǫ
abǫbc = δac and ǫ12 = 1. The generator σ is invariant
under Sp(2) and satisfies saσ = 0. The Sp(2) generators σi (i = ±, 0) and the fermionic
charges sa together form an algebra which is a contraction of OSp(1, 1/2) and denoted as
ISp(2) [9].
2
however, it was found that if Aµ, c
a, π are identified with the gauge, ghost (anti-ghost)
and auxiliary fields respectively then the supergauge fields have the expansions ⋆
Aµ = Aµ + θ
a(saAµ) + θ
aθb(sasbAµ) (2.9)
Abθa = c
b + θa(sacb) + θaθc(sasccb). (2.10)
The BRST and anti-BRST generators sa are then identified with the superspace differential
operators ∂θa [5,6], and the complete set of BRST and anti-BRST transformations are given
by [10 ,11 ,12 ]
saφi = Riαc
αa, sacαb = ǫabπα −
1
2
fαβγc
βacγb,
saπα =
1
2
fαβγπ
βcγa −
1
12
(fαβγf
β
δτ + f
α
δτ,iR
i
γ)c
δacτeǫebc
γb,
(2.11)
where the generators Riα for the gauge field A
i
µ read off from s
aAiµ = (Dµc
a)i, and πα is
an auxiliary field which connects ghost and antighost sectors.
For the matter fields Φi(x, θa), we impose the constraint
DθaΦ
i = ∂θaΦ
i − (T k)ijA
k
θaΦ
j = 0 (2.12)
which implies
Φi = ψi + θa(saψi), (2.13)
and the BRST and anti-BRST transformations again corresponds to translations in the θa
direction with ∂
∂θa
realized as differential operators on the extended space manifold MS .
3. Sp(2) formalism for General gauge theories.
Consider a general gauge theory with classical fields Ai(xµ) (i = 1, 2, . . . , n) and
classical action S0(A
i). The action is invariant under gauge transformations
δAi = Riαξ
α, (3.1)
where ξα is the local gauge parameter. The Noether equations are given by
S0, i R
i
α = 0, α = 1, 2, . . . , m (0 ≤ m ≤ n), (3.2)
and the generators of the gauge transformations satisfy
Riα,jR
j
β − (−)
αβRiβ,jR
j
α = −R
i
γf
γ
αβ − S0,jM
ij
αβ . (3.3)
⋆ In Ref [6], it was obtained explicitly a geometrical formulation of BRST and anti-BRST
symmetries and given the field content of Λ, Υ, Ω and ω. The components in the expansion
can also be read as conditions on the mapping of the coordinates φi of the fibres over {Ui}
(covering set of MG) and expressed as cocycle conditions.
3
To construct a covariant lagrangian formalism for general gauge theories either with
open (M ijαβ/=0) or closed algebras, and based on Sp(2) BRST symmetry, it is needed to
enlarge the base manifoldM toMS. It is then defined a superspaceMS to include classical
fields ΦA and Sp(2) doublets of anti-fields Φ⋆A, Φ
⋆⋆
A [13,14,15]. The properties of these fields
and anti-fields are ǫ(ΦA) = ǫA, ǫ(Φ
⋆
A) = ǫA + 1, ǫ(Φ
⋆⋆
A ) = ǫA, gh(Φ
⋆
A) = (−)
a − gh(ΦA)
and gh(Φ⋆⋆A ) = −gh(Φ
A). An extended Poisson superbracket is defined by
(F,G) =
δr
δΦA
F
δl
δΦ⋆A
G− (−)ǫF ǫG
δr
δΦA
G
δl
δΦ⋆A
F, (3.4)
where ǫF , ǫG denotes the Grassmann parity of the F , G functions on MS , and left (right)
derivatives are understood with respect to anti-fields (fields) unless otherwise stated. The
extended anti-bracket (3.4) satisfies
ǫ
(
(F,G)
)
= ǫ(F ) + ǫ(G) + 1 (3.5)
gh
(
(F,G)a
)
= −(−)a + gh(F ) + gh(G), a = 1, 2 (3.6)
(F,G) = −(−)ǫF ǫG(G,F ) (3.7)
and
(−)ǫF ǫG
(
(F,G), H
)
+ [cycl. perm (F,G,H)] = 0. (3.8)
A bosonic action functional S = S(ΦA,Φ⋆A,Φ
⋆⋆
A ) is constructed on MS. This action
satisfy the following generating equation
∆¯a exp
i
h¯
S(ΦA,Φ⋆
A
,Φ⋆⋆
A
) = 0, (a = 1, 2), (3.9)
together with the boundary condition
S(ΦA,Φ⋆A,Φ
⋆⋆
A )
∣∣∣
Φ⋆
A
=Φ⋆⋆
A
=0
= S(ΦA). (3.10)
The operator ∆¯a is defined by
∆¯a = ∆a + (i/h¯)V a, ∆a = (−)ǫA
δ
δΦA
δl
δΦ⋆Aa
V a = ǫabΦ⋆Ab
δr
δΦ⋆⋆A
. (3.11)
The algebra of operators (3.11) satisfy the important property 2
∆¯{a∆¯b} = 0. (3.12)
2 A supercommutative, associative algebra A equipped with an extended Poisson anti-bracket
structure plus a nilpotent property it is known as a BV-algebra, or coboundary Gersterhaber
algebra (CGA) [16].
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The solution to the generating equation (3.9) is given as a power series of the Planck
constant
S(ΦA,Φ⋆A,Φ
⋆⋆
A ) =
+∞∑
n=0
h¯nS(n), (3.13)
where the classical approximation S(0) satisfies
1
2
(S(0), S(0))
a + V aS(0) = 0. (3.14)
For a theory in which the Sp(2) algebra closes off-shell the classical solution S(0) takes the
form
S(0) = S0 + Φ
⋆
Aas
aΦA +
1
2
Φ⋆⋆A ǫabs
asbΦA + FABǫabs
aΦAsbΦB . (3.15)
For more complicated theories like superparticles or superstrings, S(0) has terms of higher
order in the fields Φ⋆A, Φ
⋆⋆
A to compensate those terms which makes the Sp(2) algebra to
close on-shell. The classical solution to the generating equation is Sp(2) BRST invariant
under modified BRST generators s˜a which satisfy s˜as˜b + s˜bs˜a = 0.
4. Orthosymplectic Structure of the Original BSC Superparticle.
The original BSC superparticle SBSC and further models are known to yield the same
spectrum as that of D = 10, N = 1 super-Yang-Mills theory [17]. It is used here as an
illustrative example to construct its Sp(2) covariant lagrangian, since the model has an
infinitely reducible algebra. The BSC superparticle action is given by [18]
S0 =
∫
dτ [pµx˙
µ − iθ/pθ˙ −
1
2
ep2]. (4.1)
This action describes a particle with world-line parametrized by τ moving through a ten-
dimensional N = 1 superspace with coordinates (xµ, θA). The superparticle action SBSC
is invariant under a 10 dimensional super-Poincare´ symmetry
δθ = ǫ, δxµ = iǫΓµθ, (4.2)
together with world-line reparametrisations and a local fermionic symmetry
δθ =/pκ, δe = 4iκθ˙ + ξ˙,
δxµ = iθΓµ/pκ+ ξpµ.
(4.3)
The Grassmann spinor κA parametrizes the local symmetry while ξ parametrizes a linear
combination of world-line diffeomorphisms and a local trivial local symmetry. To construct
a covariant Sp(2) orthosymplectic structure for this model, it is required the formalism of
the previuos section since the classical infinitely reducible gauge algebra A closes on-shell.
5
It is then defined a superspace MS to include the classical fields Φ
A = (xµ, pµ, e, θA) and
Sp(2) doublets of anti-fields Φ⋆A, Φ
⋆⋆
A . The classical approximation S(0) which satisfies
(3.14) is given by
S(0) = SBSC + S1 + S2 + S3, (4.4)
where SBSC is the classical action of the original superparticle and S1, S2, and S3 are
S1 =
∫
dτ [θ⋆a/pκ
a
1 + e
⋆
a(4iκ
a
1 θ˙ + c˙
a) + κ⋆nab((−)
n/p)(fabc κ
c
n+1 + ǫ
abπn)
+ x⋆µa(iθγ
µ/pκa1 + pµc) + c
⋆
da(−2if
ad
rs κ
r
1/pκ
s
1 + ǫ
adπ)],
(4.5)
S2 =
∫
dτ [θ⋆⋆(−p2ǫabf
ab
c κ
c
2) + e
⋆⋆(−4iǫabf
ab
c κ
c
2/pθ˙ + 2iǫabκ
a
1 /˙pκ
b
1)
+ κ⋆⋆nr(−p
2)(ǫabf
br
c f
ac
s κ
s
n+2 + f
br
b πn+1)
+ x⋆⋆µ (ip
2ǫab)(f
ab
c θγ
µκc2 − κ
a
1γ
µκb1)
+ c⋆⋆e (−4ip
2)(ǫabf
be
rsf
as
c κ
r
1κ
c
2 + f
be
rbκ
r
1π1)],
(4.6)
and
S3 =
∫
dτ
1
2
e⋆a[θ
⋆
b (−κ
c
2)(2f
ab
c + ǫ
abǫrsf
rs
c )
+ x⋆µb(2iκ
a
1γ
µκb1 + iǫ
abǫrsκ
r
1γ
µκs1 − iθγ
µκc2(2f
ab
c + ǫ
abǫrsf
rs
c ))
+ κ⋆nAb(−κ
c
n+2(ǫ
abǫpsf
sA
q f
pq
c + 2f
Ab
s f
as
c )− πn+1(2ǫ
asfAbs + ǫ
abfpAp ))
− 4ic⋆Ab(κ
r
1κ
c
2(ǫ
abǫpsf
sA
rq f
pq
c + 2f
bA
rs f
as
c ) + κ
r
1π1(ǫ
abf bArs + ǫ
abfpAqp ))].
(4.7)
acknowledgments: I would like to thank S.P. Sorella and C. Araga˜o de Carvalho
for useful discussions and comments. I am also grateful to Prof. J.J. Giambiagi for
estimulating conversations.
REFERENCES
[1] L. Bonora, P. Pasti and M. Tonin, Nuo. Cim. 63A (1981) 353.
[2] L. Bonora, P. Pasti and M. Tonin, J. Math. Phys. 23 (1982) 839.
[3] J. Hoyos, M. Quiros, J. Ramirez-Mitterlbrunn and F.J. de Urries, Nucl. Phys. B218
(1983) 159.
[4] A. Rogers, J. Math. Phys. 21 (1980) 1352.
[5] L. Baulieu, Phys. Rep. 129 (1985) 1.
[6] C. M. Hull, B. Spence and J.L. Vazquez-Bello, Nucl Phys. B348 (1991) 108.
[7] J. Thierry-Mieg, Nucl. Phys. B261 (1985) 55.
[8] J. Thierry-Mieg, J. Math. Phys. 21 (1980) 2834; Nuov. Cim. 56A (1980) 396; L.
Bonora and M. Tonin, Phys. Lett. 98B (1981) 48. J. Thierry-Mieg and Y. Ne’eman,
Ann. Phys. 123 (1980) 247; M. Quiros, F. J. de Urries, J. Hoyos, M. J. Mazon and E.
Rodr´ıguez, J. Math. Phys. 22 (1981) 1767; L. Bonora, P. Pasti and M. Tonin, Nuovo
Cim. A64 (1981) 307; R. Delbourgo and P. D. Jarvis, J. Phys. A. (Math. Gen.) 15
(1982) 611; A. Hirshfield and H. Leschke, Phys. Lett. 101B (1981) 48; L. Baulieu,
Nucl. Phys. B241 (1984) 557.
[9] L. Baulieu, W.Siegel and B. Zwiebach, Nucl. Phys. B287 (1987) 93; W.Siegel and
B. Zwiebach, Nucl. Phys. B288 (1987) 332; W. Siegel, Introduction to String Field
Theory, World Scientific (1989).
[10] F.R. Ore and P. Van Niewenhuizen, Nucl. Phys. B204 (1982) 317.
[11] L. Alvarez-Gaume and L. Baulieu, Nucl. Phys. B212 (1983) 255.
[12] V.P. Spiridonov, Nucl. Phys. B308 (1988) 527.
[13] P. M. Lavrov, Mod. Phys. Lett. A22 (1991) 2051.
[14] I. A. Batalin, P. M. Lavrov and I. V. Tyutin, J. Math. Phys. 31 (1990) 1487; J.
Math. Phys. 31 (1990) 6; J. Math. Phys. 32 (1991) 532; J. Math. Phys. 32 (1991)
2513.
[15] C.M. Hull, Mod. Phys. Lett. A5 (1990) 1871.
[16] A. Schwarz, Commun. Math. Phys 158 (1993) 373; Commun. Math. Phys 155
(1993) 249; B.H. Lian and G.J. Zuckerman, Commun. Math. Phys 154 (1993) 613;
M. Gerstenhaber, Ann. Math. 2 (1963) 267; M. Penkava and A. Schwarz, Preprint
hepth-9212072 .
[17] C.M. Hull and J.L. Vazquez-Bello, Nucl Phys. B416 (1994) 173; M.B. Green and
C.M. Hull, Phys. Lett. B229 (1989) 215.
[18] R.Casalbuoni, Phys. Lett. B293 (1976) 49; Nuov. Cimm 33A (1976) 389; L. Brink
and J.H. Schwarz, Phys. Lett. B100 (1981) 310.
